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In this paper, we consider the generalized measurement where one particular quantum signal is
unambiguously extracted from a set of non-commutative quantum signals and the other signals are
filtered out. Simple expressions for the maximum detection probability and its POVM are derived.
We applyl such unambiguous quantum state filtering to evaluation of the sensing of decoherence
channels. The bounds of the precision limit for a given quantum state of probes and possible device
implementations are discussed.
PACS numbers: 03.65.Ta, 42.50.Dv
I. INTRODUCTION
Discrimination of non-commutative quantum states is
one of the central issues in the field of quantum informa-
tion processing. Since quantum mechanics does not allow
us to discriminate non-commutative states perfectly, sev-
eral quantum measurement strategies have been studied
for various figures of merits, such as average error proba-
bility [1], mutual information [2, 3], and success probabil-
ity of unambiguous state discrimination [4, 5, 6, 7, 8, 9].
These studies have been motivated not only by academic
interest, but also more technological interests from the
viewpoints of quantum communication, quantum cryp-
tography, and interferometric sensing.
In this paper, we discuss an alternative class of quan-
tum measurement, where a signal is unambiguously ex-
tracted when it is in a particular target state, i.e., un-
ambiguous quantum state filtering. Suppose a signal set
consists of arbitrary quantum states ρˆ0 and ρˆ1, and the
signals are detected by the measurement operators Πˆ0
and Πˆ1. We consider the measurement which maximizes
the success probability of detecting ρˆ0, P = Tr [Πˆ0ρˆ0],
under the condition that ρˆ1 never be detected incorrectly
as ρˆ0, i.e., Tr [Πˆ0ρˆ1] = 0. This is the special case of
Neyman-Pearson hypothesis testing [10], namely, a strat-
egy to maximize the success probability (to follow the
conventional theory, we call it the ‘detection probabil-
ity’) while keeping the false-alarm probability equal to
zero.
The Neyman-Pearson approach is effective for a deci-
sion problem where the prior probabilities of signals are
unreliably known or unknown. Its quantum version has
recently been applied to quantum interferometric sens-
ing [11, 12, 13]. The problem of the quantum Neyman-
Pearson approach is, however, that the analytical solu-
tion is only known for pure state signals [1]. Our for-
mulation includes mixed state signals and we show that
the maximum detection probability and its correspond-
ing detection operators are given by quite simple expres-
sions. We also generalize the problem to the case of more
than two signals. Figure 1 compares our state filtering
scenario to the other measurement scenarios discussed
so far. It is stressed again that the cost of our testing
scenario does not include the prior probabilities of the
signals. We also note that the pure state filtering scenar-
ios with Bayesian hypothesis testing have been discussed
in context of minimum-error and unambiguous discrim-
inations of quantum signal subsets [7, 8], and the latter
one was recently recasted by the more general theory of
mixed state unambiguous discrimination [9].
After discussing the formulation of unambiguous state
filtering, we apply it to the sensing of quantum channels
consisting of non-unitary operations as an example of
applications. This scenario would be important for prac-
tical applications because various kinds of decoherence
in quantum channels are described by non-unitary op-
erators. To sense small decoherence parameters of such
channels, we need to detect the mixed state probes ap-
propriately. We discuss the detection strategy based on
unambiguous state filtering and propose possible experi-
mental implementations.
The paper is organized as follows. In Sec. II, the gen-
eral formulation of the problem treated in this paper is
given. In Sec. III and IV, we apply our formalism to the
problem of non-unitary quantum channel sensing. As
concrete examples, we consider the sensing of two prac-
tically important operations, i.e., depolarizing and linear
loss in discrete and continuous variable quantum chan-
nels, respectively. Section V contains our concluding re-
marks.
II. OPTIMAL MEASUREMENT FOR
UNAMBIGUOUS STATE FILTERING
In this section, we derive a rigorous formulation of the
optimal measurement for our problem. We discuss first
the filtering strategy for a binary signal set and then
generalize it to the case of more than two signals. The
generalization can be done straightforwardly.
Let us review the problem. Arbitrary quantum signals
ρˆ0 and ρˆ1 are detected by the positive operator-valued
measure (POVM) {Πˆ0, Πˆ1}, where Πˆ0 + Πˆ1 = Iˆ, and
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FIG. 1: Various generalized quantum measurement scenar-
ios: (a) minimum-error state discrimination, (b) unambigu-
ous state discrimination and (c) unambiguous state filtering.
Here, pi’s in (a) and (b) are the prior probabilities of signals.
our task is to maximize the detection probability, P =
Tr [Πˆ0ρˆ0], under the condition that Tr [Πˆ0ρˆ1] = 0. We
note that this kind of measurement is described by the
Z-channel model and was first discussed by Kennedy for
the detection of binary phase-shift keyed coherent signals
with quasi-minimum average error probability [14].
We denote the Hilbert spaces supporting ρˆ0 and ρˆ1
by H0 and H1, respectively, and their union by H =
H0 ∪ H1. We assume that the dimensions of H and H1
are n = dimH > 0 and m = dimH1 > 0, respectively,
where obviously n ≥ m. Since we can limit the support
spaces of Πˆ0 and Πˆ1 within the Hilbert space H, these
operators are expressed as
Πˆ0 =
n∑
k=1
pik|φk〉〈φk| , (1)
Πˆ1 =
n∑
k=1
(1− pik)|φk〉〈φk| , (2)
where the set {|φ1〉, |φ2〉, ..., |φn〉} is the complete or-
thonormal basis set in H and the positivity of detection
operators requires 0 ≤ pik ≤ 1 for all k. As a consequence,
our problem is now to decide the eigenvalues {pik} and
eigenvectors {|φk〉} of these operators.
From Eq. (1), the necessary condition for our measure-
ment is now rewritten as
Tr [Πˆ0ρˆ1] =
n∑
k=1
pik〈φk|ρˆ1|φk〉 = 0 . (3)
Since ρˆ1 is supported by them-dimensional Hilbert space
H1, its spectral decomposition is given by
ρˆ1 =
m∑
µ=1
λµ|ψµ〉〈ψµ| , (4)
where λµ > 0 and
∑
λµ = 1 (µ = 1, 2, ...,m). The set
{|ψ1〉, |ψ2〉, ..., |ψm〉} is the complete orthonormal basis
set in H1. Equations (3) and (4) give the condition,
n∑
k=1
m∑
µ=1
λµpik|〈φk|ψµ〉|2 =
m∑
µ=1
λµ
(
n∑
k=1
pik|〈φk|ψµ〉|2
)
= 0 .
(5)
In other words, the condition
pik = 0 or 〈φk|ψµ〉 = 0 , (6)
must be satisfied for all k and µ (k = 1, 2, ..., n; µ =
1, 2, ...,m). Since the set {|φ1〉, |φ2〉, ..., |φn〉} is complete
and orthonormal in H = H0 ∪ H1, if 〈φk|ψµ〉 = 0 for all
k, then |ψµ〉 = 0, and this contradicts the assumption
m = dimH1 > 0. Eventually, there is at least one index
kµ, such that pikµ = 0 for each µ, that is, at least m
eigenvalues take a zero value,
pik1 = pik2 = ... = pikm = 0 . (7)
Now let us maximize the detection probability P ,
P = Tr [Πˆ0ρˆ0] =
n∑
k=1
pik〈φk|ρˆ0|φk〉 . (8)
Since 〈φk|ρˆ0|φk〉 ≥ 0, we should choose pik (k = 1, 2, ..., n)
to be as large as possible to maximize P . From Eq. (7)
and 0 ≤ pik ≤ 1, we find that P is maximized when{
pik1 = pik2 = ... = pikm = 0,
pik = 1 (k 6= k1, k2, ..., km) , (9)
is satisfied.
Next, we derive the relation between {|φk〉} and
{|ψµ〉}. Let us consider the case that every index kµ
is not equal to each other, i.e., µi 6= µj → kµi 6= kµj [15].
Since Eq. (9) means that, for each µ, there is only one
index kµ such that 〈φkµ |ψµ〉 6= 0, |ψµ〉 can be expressed
as
|ψµ〉 =
n∑
k=1
gµ(k)|φk〉 = |φkµ〉 . (10)
As a consequence, the detection operator Πˆ0
Πˆ0 =
n∑
k=1
|φk〉〈φk| (k 6= k1, k2, ..., km)
= Iˆ −
m∑
µ=1
|ψµ〉〈ψµ| . (11)
Then we arrive at the optimal POVM,
Πˆ0 = Iˆ −
m∑
µ=1
|ψµ〉〈ψµ|, Πˆ1 =
m∑
µ=1
|ψµ〉〈ψµ| . (12)
Apparently, if n = m, then Πˆ0 = 0, that is, when the
support of ρˆ0 is included in that of ρˆ1 (H0 ⊆ H1), unam-
biguous detection of ρˆ0 is impossible [16]. On the other
3hand, P = 1 can be obtained when H0 ∩ H1 = ∅ or,
equivalently, ρˆ0ρˆ1 = ρˆ1ρˆ0 = 0. When we are given a
pure state ρˆ1 = |ψ〉〈ψ|, the optimal POVM is given by
Πˆ0 = Iˆ − |ψ〉〈ψ| Πˆ1 = |ψ〉〈ψ| . (13)
This POVM is the same as that for pure state discrimi-
nation in [13]. This means that the physical implemen-
tation scheme proposed in [13] can be applied to mixed
state signals. We further discuss this issue in the later
section.
Finally, let us consider the following more general prob-
lem: we are given s+1 quantum states, ρˆ0, ρˆ1, ..., ρˆs, and
to find the measurement such that (1) ρˆ1, ρˆ2, ..., ρˆs never
be recognized as ρˆ0, and (2) the detection probability of
ρˆ0 be maximized (Fig. 1(b)). For this purpose, we rewrite
Eq. (12) as
Πˆ0 = IˆH0∪H1 − IˆH1 , Πˆ1 = IˆH1 , (14)
where IˆH is the identity operator defined in the Hilbert
space H. When we denote the support space of ρˆk as Hk,
Eq. (14) is easily generalized as
Πˆ0 = IˆH0∪H1∪H2∪···∪Hs − IˆH1∪H2∪···∪Hs ,
Πˆ1 = IˆH1∪H2∪···∪Hs .
(15)
The maximum detection probability P is then given by
P = Tr [Πˆ0ρˆ0] = 1−
M∑
k=1
〈Ψk|ρˆ0|Ψk〉, (16)
where {|Ψ1〉, |Ψ2〉, ..., |ΨM 〉} is the complete orthonormal
vector set of the Hilbert space H1 ∪H2 ∪ · · · ∪ Hs.
III. APPLICATION I: SENSING OF
DEPOLARIZATION IN A DISCRETE CHANNEL
In the following two sections, we apply our measure-
ment strategy to sensing applications. One of the sim-
plest quantum sensing scenarios can be described as fol-
lows [11]: A probe field, initially prepared in ρˆ1, travels
through a sample in which the probe field may or may
not be perturbed. A perturbation is generally described
by a completely positive (CP) map L. If a perturbation
occurs, the probe field is then modified to ρˆ0 = L ρˆ1.
Eventually, we may have an unperturbed state ρˆ1 or a
perturbed state ρˆ0 as output. The task is to maximize
the probability that the signal will be unambiguously de-
tected when it suffers a perturbation L.
First, let us consider a discrete quantum channel con-
sisting of an n-dimensional depolarizing channel LD
which is characterized by the depolarizing probability p
[17]. This example is simple and instructive to see how
non-classical probes and appropriate generalized mea-
surements enhance the detection probability. We probe
the channel, in which depolarization LD may or may not
occur, using a pure state input ρˆ1 = |ψ〉〈ψ|. If depolar-
izing occurs, the output state is given by [17]
ρˆ0 = LD|ψ〉〈ψ| = (1 − p)|ψ〉〈ψ|+ p
n
Iˆ . (17)
Then, following Eqs. (8) and (13), the maximum detec-
tion probability of inferring the state ρˆ0 is given by
PD = 1− 〈ψ| (LD|ψ〉〈ψ|) |ψ〉 = n− 1
n
p , (18)
where PD is independent of the input quantum state.
Next, let us consider an entangled input. An arbitrary
entangled state in an n-dimensional space is described
by |Ψ〉 = ∑k√λk|k〉 ⊗ |k〉 (k = 1, 2, ..., n, ∑k λk = 1)
and now one part of the state is incident on the channel.
The maximum detection probability of inferring the state
ρˆ0 = (LD ⊗ I)|Ψ〉〈Ψ| is then given by
P entD = 1−〈Ψ|[(LD⊗I)|Ψ〉〈Ψ|]|Ψ〉 =
(
1− 1
n
n∑
k=1
λ2k
)
p .
(19)
Here the maximum value of P entD is obtained when λ1 =
λ2 = · · · = λn = 1/n, that is, the state is maximally en-
tangled. On the other hand, when one of λk is 1 and the
others are 0 (i.e., the state is not entangled), P entD takes
its minimum value and becomes equal to PD in Eq. (18).
Therefore, we see that P entD ≥ PD is always held, that is,
entanglement always improves the detection probability.
Use of an entangled input increases the Hilbert space of
the output state, enhancing the overlap between ρˆ0 and
ρˆ1, as has been pointed out in [18].
IV. APPLICATION II: SENSING OF LINEAR
LOSS IN A CONTINUOUS VARIABLE
CHANNEL
In this section, we examine the sensing of linear loss
through probing by continuous variable quantum states.
Linear loss caused by coupling between the system and a
vacuum environment is one of common problems of de-
coherence in quantum optics and quantum information
processing. When we assume that a probe is in a pure
state ρˆ1 = |ψ〉〈ψ|, such as a coherent state, squeezed
state or two-mode squeezed state, the optimal POVM is
given by Eq. (13). As mentioned in Section II, this is
the same as that described in [13]. Therefore, the physi-
cal implementation scheme for unitary operation sensing
proposed in [13] can be directly applied to this problem.
The purpose of this section is to clarify the ultimate sens-
ing limits of linear loss for concretely given probe states.
The CP map of linear loss is given by [19]
LL = exp
[
g
(
Kˆ− − Kˆ0
)]
, (20)
where g is a positive parameter and the superoperators
Kˆ− and Kˆ0 are defined by
Kˆ−Xˆ = aˆXˆaˆ† Kˆ0Xˆ = 12 (aˆ aˆ†Xˆ + Xˆaˆ†aˆ) , (21)
4for an arbitrary operator Xˆ. Here, aˆ and aˆ† are, re-
spectively, annihilation and creation operators. The CP
map LL transforms a coherent state into another coher-
ent state with reduced complex amplitude as
LL|α〉〈β| = E(α, β) |α
√
T 〉〈β
√
T | , (22)
where T = exp(−g) corresponds to the transmittance of
the CP map and
E(α, β) = exp
[
−1
2
(1− T ) (|α|2 + |β|2 − 2αβ∗)] . (23)
In this section, we use R = 1 − T as a parameter of the
degree of loss.
Following the previous works [11, 12, 13], we compare
the ultimate sensitivities for various probes in terms of
RM , which is defined by the solution of Eq. (8) for R.
Here, RM is the minimum detectable loss for a fixed de-
tection probability P . This probability may be called the
acceptance probability Pac and the value of Pac should
be determined by referring to the actual experimental
conditions.
A. Coherent state
A simple example is that the probe field is in a coherent
state |ψ〉 = |α〉. The detection probability is given by
P cohL = 1− 〈α| (LL(R)|α〉〈α|) |α〉 ,
= 1− exp
[
−
∣∣∣(1−√1−R)α∣∣∣2] . (24)
Then we find RM as
RcohM =
1√〈n〉
√
log
1
1− Pac
(
2− 1√〈n〉
√
log
1
1− Pac
)
,
(25)
where 〈n〉 = |α|2 is the average photon number of the
probe field. We can easily find that RcohM is proportional
to 1/
√〈n〉 within the limit of large 〈n〉, which is the same
as in the case of sensing unitary operations described in
[11, 13]. On the other hand, when 〈n〉 is small, 〈n〉 has
to satisfy
〈n〉 ≥ 〈n〉min = log 1
1− Pac , (26)
since RM ≤ 1. This is different from that for the sensing
of unitary operations. Here, 〈n〉min is the minimum
required power for sensing. In other words, 〈n〉min is
the average power required to unambiguously detect
the signal with detection probability Pac, when |ψ〉 is
mapped to a vacuum state.
B. Squeezed state
As a second example let us consider the squeezed state
|ψ〉 = D(α)S(ζ)|0〉 as a probe field where ζ = reiθ is the
complex squeezing parameter. After tedious calculation,
we get the detection probability
P sqL = 1− 〈ψ| (LL|ψ〉〈ψ|) |ψ〉
= 1− 1√
1 + |ν|2R(2−R) exp
[
− (1 −
√
1−R)2
1 + |ν|2R(2−R)
{
|α|2 + (2−R)
(
|ν|2|α|2 + 1
2
µ(ν∗α2 + να∗2)
)}]
,
(27)
where
µ = cosh r, ν = eiθ sinh r . (28)
Obviously, Eq. (27) depends on the phases of the coherent
amplitude and squeezing. To maximize P sqL , these factors
should be optimized. Labeling the phase of the coherent
amplitude as α = |α|eiϕ, we easily find that Eq. (27)
is maximized when 2ϕ − θ = 0 is held. Now we can
take ϕ = θ = 0 (amplitude squeezing) without loss of
generality. Then Eq. (27) is simplified to
P sqL = 1−
1√
1 + sinh2 r R(2−R)
exp
[
− (1−
√
1−R)2
1 + sinh2 r R(2−R) (1− e
−r sinh r R)e2rα2
]
. (29)
In the following, we apply the power constraint condition,
〈n〉 = n¯ + m¯, where 〈n〉 is the total average number
of photons, n¯ = |α|2 and m¯ = sinh2 r. In Fig. 2, RsqM
5with Pac = 1/2 for a given 〈n〉 is plotted with m¯ = 0
(coherent state), m¯ = 0.2〈n〉, m¯ = 0.9〈n〉, and m¯ = 〈n〉
(squeezed vacuum). This figure shows that the optimal
power distribution to n¯ and m¯ depends on the total power
〈n〉 of the probe field.
Before further considering the optimization of power
distribution for a squeezed input, we give analytical ex-
pressions for some limited cases. When the power for the
probe field is fully used for squeezing (m¯ = 〈n〉), i.e., the
probe is in a squeezed vacuum state, PL is simply given
by
P svL = 1−
1√
1 + 〈n〉R(2−R) . (30)
Then we find RM and the minimum required power as
RsvM = 1−
√√√√1− 1〈n〉
{(
1
1− Pac
)2
− 1
}
, (31)
and
〈n〉min =
(
1
1− Pac
)2
− 1 , (32)
respectively. Within the limit of large 〈n〉, RsvM is approx-
imately proportional to 〈n〉 as
RsvM ≈
1
2〈n〉
{(
1
1− Pac
)2
− 1
}
. (33)
On the other hand, when we assume n¯≫ m¯, which is
important from a practical point of view, Eq. (29) can be
approximated to
P sqL ≈ 1− exp
[
−(1−√1−R)2e2rα2
]
, (34)
and then
RsqM ≈
1
er
√
n¯
√
log
1
1− Pac
(
2− 1
er
√
n¯
√
log
1
1− Pac
)
,
(35)
which shows that a bright squeezed probe field improves
the minimum detectable loss by a factor of er.
Figure 3 shows RoptM with Pac = 1/2, where the power
distribution for squeezing is numerically optimized. For
reference, the optimal power ratio m¯/〈n〉 and the ratio
between RoptM and R
sv
M are plotted in the same figure.
We found that RoptM asymptotically reached about 92%
of RsvM , which means that R
opt
M is also proportional to〈n〉 within the limit of large 〈n〉. The minimum required
power is about 〈n〉min = 0.60, which is slightly better
than that of coherent state probing (〈n〉min = 0.69).
C. Two-mode squeezed vacuum
Our final example is a probe field consisting of the
two-mode squeezed vacuum state,
|Ψ〉 =
√
1− λ2
∞∑
n=0
λn|n〉|n〉 , (36)
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FIG. 2: Minimum detectable loss RM as a function of total
photon number 〈n〉. m¯ = sinh2 r is a function of the squeezing
parameter r. Pac = 1/2.
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FIG. 3: Minimum detectable loss RM for the squeezed probe
in which the power distribution to n¯ and m¯ are optimized.
For reference, the corresponding power distribution m¯/〈n〉
and the ratio of RM between the optimized squeezed probe
and the squeezed vacuum probe are plotted. Pac = 1/2.
where λ = tanh r and we assume that the squeezing pa-
rameter r is real and positive without loss of generality.
Let us consider the sensing scheme in which one part
of the two-mode squeezed vacuum state is incident on
a tested channel and then all of the output modes are
measured collectively. The optimal POVM is described
by {Πˆ0 = Iˆ − |Ψ〉〈Ψ|, Πˆ1 = |Ψ〉〈Ψ|} and thus we obtain
the detection probability as
P tmsvL = 1− 〈Ψ| [(LL ⊗ I) |Ψ〉〈Ψ|] |Ψ〉
= 1−
(
1− λ2
1− λ2√1−R
)2
. (37)
Note that this measurement can be physically imple-
mented through the same strategy as used by [13], for ex-
ample, through a system consisting of parametric three-
wave mixing and photo-detection to discriminate be-
6pump
OPA
pump
OPA or
(a)
pump
OPA D
(b)
FIG. 4: Sensing of linear loss by a two-mode squeezed vacuum
probe and (a) optimal measurement or (b) measurement of
the photon number difference.
tween zero and non-zero photons, as shown in Fig. 4(a).
From Eq. (37), we find RM as
RtmsvM =
1
〈n〉
(
1√
1− Pac
− 1
)
×
{
2− 1〈n〉
(
1√
1− Pac
− 1
)}
, (38)
where the minimum required power is
〈n〉min = 1√
1− Pac
− 1 . (39)
Here, 〈n〉 = λ2/(1 − λ2) is the average power incident
on a tested channel. Obviously, within the limit of large
〈n〉, RtmsvM is almost proportional to 1/〈n〉.
Finally, we briefly discuss another strategy that is
based on measurement of the photon number (photocur-
rent) difference, which works effectively in some interfer-
ometric schemes using entanglement [12]. The schematic
is shown in Fig. 4(b). Here the state is discriminated
by observing whether the difference in the photon num-
ber between two photo-detectors is zero or non-zero,
i.e., by the set of measurement operators {Πˆ0 = Iˆ −∑
n |n〉|n〉〈n|〈n|, Πˆ1 =
∑
n |n〉|n〉〈n|〈n|}. Although this
is not optimal since the support space of
∑
n |n〉|n〉〈n|〈n|
is obviously larger than that of Eq. (36), to find the pre-
cision limit of this simpler measurement scheme is still
interesting from a practical point of view. The detection
probability is calculated to be
P tmsvL = 1−
∞∑
n=0
〈n|〈n| [(LL ⊗ I) |Ψ〉〈Ψ|] |n〉|n〉
= 1− 1− λ
2
1− λ2(1 −R) , (40)
and we find the minimum detectable loss and the mini-
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FIG. 5: Minimum detectable loss RM for various probe fields.
mum required power as
RtmsvM =
1
〈n〉
(
Pac
1− Pac
)
, (41)
and
〈n〉min = Pac
1− Pac , (42)
respectively.
To summarize, we plotted the RM ’s for coherent,
squeezed, and two-mode squeezed probes with Pac = 1/2
in Fig. 5. Again, a two-mode squeezed (entangled) probe
showed better performance than single-mode squeezed
probes. Since the total power for a probe is defined by the
power incident on a tested channel only, the expansion
of the output Hilbert space due to an entangled probe
clearly enables greater sensitivity. Fortunately, we can
also see that when the input power is sufficiently larger
than 〈n〉min, the strategy of detecting the photon number
difference is near optimal. This strategy may be simpler
than the optimal one in regions of large 〈n〉 where cur-
rently available photodetectors can operate. However,
an entangled probe provides the most drastic gain in re-
gions where the input power is extremely limited, when
it is measured by the optimal measurement scheme.
V. CONCLUDING REMARKS
In this paper, we have discussed the measurment sce-
nario of unambiguous quantum state filtering where one
particular signal is unambiguously extracted from a set of
non-orthogonal signals. The maximum detection proba-
bility and its corresponding measurement operators are
given by simple expressions although our formulation in-
cludes mixed state signals.
As an application, we have considered the sensing of
decoherence in quantum channels. We applied this for-
malism to the sensing of two kinds of decoherence chan-
nels, a depolarizing channel and a channel which included
7linear loss. A probe field is initially in a pure state and
the output is probably in a mixed state. The latter chan-
nel is especially important in practice since we often en-
counter such decoherence in optical quantum communi-
cation networks. Our results suggest that the asymptotic
behavior of the precision limit is the same as that of uni-
tary operation sensing, for example, phase shift sensing
[11, 12, 13]. On the other hand, in the region of a weak
probe field, for probes to have non-zero detection prob-
abilities there are minimum required powers. These re-
sults show how a non-classical, especially an entangled,
probe and an appropriate detection scheme improve sens-
ing performance.
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